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Caiculation of Transonic Flows by a Field
Integral Equation Method

C. P. Chen* and M. J. Sheut
National Tsing Hua University, Hsinchu, Taiwan, Republic of China

A field integral equation method is developed to solve the two-dimensional compressible potential equation for
transonic flow over airfoils with embedded shocks at subsonic freestream Mach numbers. The perturbation
velocities are induced by linear internal source and vorticity distributions on the mean camber line of the airfoil and
nonlinear field source distributions external to the airfoil surface. Derivatives are calculated in the complitational
plane, and those in the physical plane are determined by using the Jacobian of the transformation. An O-type grid
is applied to reduce the numerical errors in the region close to the location where the shock wave occurs. The
calculations have been carried out for NACA 0012, parabolic arc, and circular arc airfoils at various subcritical
freestrearn Mach numbers. The results of the present method are compared with earlier results and are shown to

be in good agreement.

Nomenclature

= local speed of sound

= Jacobian of the transformation

= freestream Mach number

= artificial viscosity

= total velocity components in x and y axes
W = freestream velocity components in x and y axes
= weighting function

= (x + iy) coordinates in physical planes

= angle of incidence

= vorticity strength

= ratio of specific heats ( = 1.4 for air)

= thickness ratio of airfoil

= switching function

= air density

= source strength

= field source strength

= perturbation velocity potential
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Subscripts

r,0 = derivatives in r and 6 directions
X,y = derivatives in x and y directions
o0 = freestream

Introduction

HE integral equation method is one of the oldest méthods

for calculating transonic flows. The recent reviews of the
application of the integral equation method to small perturba-
tion transonic flows are given by Spreiter' and Niyogi.?
Ravichandran et al.> used the internal singularity model, i.e.,
one of the integral equation methods in which the singularity
is placed on the mean camber line of the airfoil, and finite
difference formulas to solve transonic full-potential flow.
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However, Sinclair* applied the surface singularity model, i.e.,
the singularity is placed on the airfoil surface and difference
formulas to solve transonic full-potential flow. Ogana® as well
as Ogana and Spreiter® gave the derivation of the singularity
kernel for the integral equation method. Nixon’ developed an
alternative means to evaluate the field integral.

In this paper, the integral equation method, in which the
singularities of source and vorticity are linearly distributed on
the mean camber line of the airfoil, is modified and applied to
compute full-potential solutions for transonic flows over air-
foils with embedded supersonic regions. The integral equation
method for the present approach was developed by Chen and
Sheu.®® The method for the approach of Ravichandran et al.
was developed by Basu.! The disadvantage for the model
developed by Basu can be found in Ref. 9. The calculations
have been carried out for three test airfoils, i.e., NACA. 0012,
parabolic arc, and circular arc airfoils. The results of the
present method are compared to those given by earlier numer-
ical computation and experimental data.

Mathematical Analysis

The potential equation in steady, inviscid, compressible,
and two-dimensional flow past an arbitrary body can be
written as

(@ = u*)p, — 2w, +(a*— v, =0 (1
where
U=ty + Py, v=0,+¢,, g% = u?+v?
The energy equation is
a?=(1/M%) +[(y —D/2(1—¢*) and y=14 (2
Equation (1) can be written as
Gux + &, =0 (3a)
where
ap = ()a%) . + Quvja®)py, + ¥ a)p,, (3b)
Thus, the velocity components in the x and y directions at a

field point (x,y) can be expressed as the sum of the velocity
induced by the internal singularities on the mean camber line
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Fig. 1 Numerical model for airfoil in compressible flows.

of the airfoil, the field source o, and the freestream velocity,
ie.,

vmu | Crars | Lrde+ || Lk dedy (4a)
. 2 . 2n - 2n

vt | Zrde— | Lriae+ || Lk, aean v
. 2n . 2n Ir 2m

where curve ¢ denotes the mean camber line of airfoil and f
denotes the region external to the airfoil contour. The ¢ and
B are the linear distributions of source and vorticity strengths
on the mean camber line of the airfoil, and g, is the uniform
distribution of field source strength on the small element in
region f (see Fig. 1);

x—¢ y
Ky=—"5_"" 2 "
(x—82+y (x — &+ y?
_ x—=£ P y—n
(x =82+ (y—n)? =02+ (y —n)?

The O-type grid generation given by Inoue!! is used to
provide a smooth body fitted system of grid lines. The func-
tion that maps conformally the region exterior to the airfoil
section onto the exterior of the unit circle is determined in an
explicit form, and the mesh spacing can be controlled. The
O-type grid obtained by the present method is shown in Fig.
2. All of the derivatives in the computational plane (i.e., {
plane) are calculated by finite differences, and those of the
physical plane (i.e., Z plane) are given by using the Jacobian
of the transformation. Equation (3b) can be rewritten as

K;

op = (u?/aPu, + Quvja*u, + (v*/a), (5
where
Ju ov
u, =5;=u,rx+u,,6x v, =5;=U,ry + 40,
Ou ov  Ou
=—=ur, +upl, = =

Ux—a=*a;—uy
r 4

]
i

In order to achieve convergence for strong supercritical
flows, the artificial viscosity suggested by Jameson'? is used in
the present approach. The field source term becomes

of=0,+T (6)

where 7T is the artifical viscosity and is equal to (—0/
0s)(As ppoy), As the small element in the streamwise direction,
u the switching function defined by x = max{0,1 — a?/¢?], and
p the density and equal to (a2M?2)/@¢— D,

(5,7 (8575) G a.n

: C Dl ¢

(£.7) (1) ED (1.1
PHYSICAL PLANE COMPUTATIONAL PLANE

Fig. 3 Four-node quadrilateral finite element transformation.

In order to reduce the truncation errors for the double
integral of the field source term in Eq. (4), the four-node
quadrilateral finite element is used to transform a quadrilat-
eral element in the physical plane (¢,5) to a square element in
the computational plane (&,) (see Fig. 3). The function of the
transformation is given by

4 -~
&* = Z éigi(éiaﬁi)

i=1

4 -~
n*= Z n:8:(&:1,) @)

i=1

where
g=1HA-E)A 1)  g=M1+E)—h)
=D +ENT+i)  ga= (11 —E)(1+4,)

Thus, the double integral is written as

JL&@@M=L&@W@@&M

= ¥ fENIIENIW, (8)
i=1
where
ca_080n _ocon
JED agaA 51?55
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and the weighting function W, =1.0, i =1,2,3,4, for a four-
point quadrature rule of Gauss integration:

Ei) =1(— /D= 113 Es) =113/
i) =[S/ =SB Eaila) =[(— 1/3(1/3)]

The iterative scheme for the present method is described in
the following.

1) The internal singularities of source and vorticity linearly
distributed on the mean camber line of the airfoil are ob-
tained by satisfying the boundary condition of tangential flow
over the airfoil surface and Kutta condition of no loading at
the trailing edge of the airfoil. It is assumed that the strength
of field source is zero for the first iteration.

2) The velocity components of u and v and the derivatives
of velocity (i.e., u,, u,, v, and v,) at field control points are
calculated by the contributions of the strengths of internal
singularities that are provided by step 3 (using step 1 on the
first iteration). The contributions to these values are added to
the previous solutions, which are given by the previous field
source strengths. As the values of derivatives at all field
control points are determined, the strengths of the field source
at the control points are obtained from Eg. (3b).

3) The new internal singularities of source and vorticity
linearly distributed on the mean camber line of the airfoil are
determined by satisfying the boundary condition and the
Kutta condition due to the contributions of freestream veloc-
ity and new field source strength given by step 2.

4) Repeat steps 2 and 3' until convergence of the field
source strengths in step 2 is achieved within the error of
tolerance 3 x 1073,

Results and Discussions
The examples have been carried out using NACA 0012,
parabolic arc, and circular arc airfoils for which subcritical
and supercritical results are available for comparison.
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Fig. 4 Subcritical pressure distribution on NACA 0012 airfoil;
M, = 0.63, o =2 deg, 40 surface elements.
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Fig. 5 Supercritical pressure distribution on NACA 0012 airfoil;
M =0.75, « =2 deg, 40 surface elements.
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Figure 4 shows the pressure distribution on a NACA 0012
airfoil for a subcritical lifting case run at a freestream Mach
number M., of 0.63 and an incidence o of 2 deg. The results
of the field integral equation method are calculated by using
20 elements on the mean camber line of airfoil, i.¢., a total of
40 elements on the surface of airfoil. A nonuniform field mesh
of 50 x 12 is used with the finer mesh close to the region
where the shock wave shows up, extending 0.5 chord distance
from both the leading edge and the trailing edge of the airfoil.
The Garabedian et al.!® results were calculated on a grid of
160 x 30. The results for the integral equation method are
obtained by an improved compressibility correction with the
modification to the Prandtl-Glauert rule. The agreement be-
tween the results of the field integral equation method, the
integral equation method, those of Garabedian et al.,’* and
the experimental data of Sells'* is very good.

Figure 5 presents the pressure distribution over a NACA
0012 airfoil with M_, =0.75 and « = 2 deg. Because the inte-
gral equation method has no mechanism to predict the shock
wave, the result of the integral equation method is not given
in Fig. 5. It is seen that the agreement between the results of
the field integral equation method and those of Garabedian et
al.!3 is good. For the subcritical and supercritical test cases,
convergent solutions were obtained in about six iterations.

The computed surface pressure distribution on a NACA
0012 airfoil at M, =0.7 and « =2 deg is shown in Fig. 6.
The results of the field integral equation method agree well
with those obtained by Cole and Cook.'” Figure 7 gives the
pressure distribution on a NACA 0012 airfoil at M, =0.8
and o = 0 deg. The agreement between the results calculated
by the present method and those of the numerical computa-
tion given by Baker,'® and the experimental data of Bailey'” is
seen to be rather good.

A subcritical pressure distribution on a 10% thick
parabolic arc biconvex airfoil at M, =0.7 and « =0deg is
shown in Fig. 8. The resulis of a numerical solution supplied
by Martin and Lomax'? are compared with those given by the
present numerical method. The transonic similarity parameter
K was proposed by Spreiter,'® ie., K= (1 — M2)/(M2, 6)*7,
where § is the thickness ratio of airfoil.

Figure 9 presents the pressure distribution for a 6% thick
parabolic arc biconvex airfoil at M, =0.909 and o =0 deg.
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Fig. 6 Supercritical pressure distribution on NACA 0012 airfoil;
M_ =0.7, o =2 deg, 40 surface elements.
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Fig. 7 Supercritical pressure distribution on NACA 0012 airfoil;
M, =08, « =0 deg, 40 surface elements.
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Fig. 8 Suberitical pressure distribution on 10% thick parabolic arc
airfoil; M =0.7, « =0deg, k =3.81, 40 surface elements.
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Fig. 9 Supercritical pressure distribution on 6% thick parabolic arc
airfoil; M_ = 0.909, « =0 deg, Xk = 1.29, 40 surface elements.
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Fig. 10 Subcritical pressure distribution on 6% thick circular arc
airfoil; M_ = 0.806, « = 0 deg, k = 3.05, 40 surface elements.
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Fig. 11 Supercritical pressure distribution on 18% thick circular arc
airfoil; M, =0.73, « =0 deg, k = 2.23, 40 surface elements.

The agreement between the results of the field integral equa-
tion method and those of the experimental data of Knechtel?!
is very good; however, the numerical solution using the
relaxation method given by Murman®® gives a location of
shock wave aft to the experimental data.

Figure 10 gives the subcritical pressure distribution on a
6% thick circular arc biconvex airfoil at M =0.806 and
o =0 deg. The results of the field integral equation method
are closer to the experimental data of Knechtel?! than those
of the numerical solutions obtained by Crown.?* The pressure
distribution on a 18% thick circular arc biconvex airfoil at
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M, =0.73 and « =0deg is shown in Fig. 11. The present
solutions agree well with the numerical solutions of the Pan
Air computer code, which were given in Erickson and
Strande.?

Conclusions

A field integral equation method that combines the integral
equation method and the finite-difference method has been
developed to solve a NACA 0012 airfoil and a biconvex
airfoil at several angles of incidence and various transomic
Mach numbers by satisfying the tangency boundary condi-
tions on the airfoil surface. The present approach is able to
capture the shocks over a few mesh widths whose strengths
and locations agree well with the results of finite-difference
calculations. It shows that the use of an incompressible inte-
gral equation model with the addition of artificial viscosity to
the governing equation is able to produce convergent solu-
tions for most cases arising in inviscid flows with shocks. This
method has good results compared to the finite-difference
grids even with the coarse grids.

In the present approach, the mean camber line was divided
into 20 elements and the field external to the airfoil was
divided into 50 x 12 elements. The convergent solutions could
be obtained using various grid points on the mean camber
line and field grid system. The grid need not extend to a very
far field, i.e., only encompassing the regions of compressibil-
ity. The total field grid points required in the present method
could be reduced much more than those used in the calcula-
tion of finite-difference methods. Moreover, the present inter-
nal singularity model can be applied to any airfoils without
the disadvantages of the model developed by Basu.
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